In this paper, we introduce a new method for solving neutral functionaldifferential equations with proportional delays and the multi-pantograph delay equation based on a new homotopy perturbation method and Padé approximation. The proposed method proves very effective to control the convergence region of approximate solution. The method is tested on some neutral functional-differential equations with proportional delays and multi-pantograph delay equations. We also compare the performance of the method with those of homotopy perturbation, new homotopy perturbation and variational iteration methods. Numerical results explicitly reveal the complete reliability, efficiency and accuracy of the suggested technique. It is observed that the approach may be implemented on other models of physical nature.
Introduction
Consider the following neutral functional-differential equations with proportional delay:
( ) ( ) = ( ) − ( ( ) ( )) ( ) + ∑ ( ) ( ) ( ) where ( ) is a given function and 0 < < −1 < ⋯ < 1 ≤ 1. Neutral functional-differential equations with proportional delays and multi-pantograph delay equations represent two particular class of delay differential equations [1] . Obviously, most of these equations cannot be solved exactly. It is therefore necessary to design efficient numerical methods to approximate their solutions. Ishiwata et al. used the rational approximation method [2] and the collocation method [3] to compute numerical solutions of delay differential equations with proportional delays. Hu et al. [4] applied linear multistep methods to compute numerical solutions for neutral delay differential equations. Wang et al. obtained approximate solutions for neutral delay differential equations by continuous Runge_Kutta methods [5] and one-leg methods [6, 7] . Chen and Wang applied variational iteration method to compute approximate solutions for neutral delay differential equations [8] . Hosseini et al. [9] showed that the variational iteration method is not efficient to solve delay differential equations (1.1) with large domain and to overcome this difficulty, they proposed optimal variational iteration method [10, 11] based on a simple way to adjust and control the convergence region of approximate solution for any values of t . Sezer et al. [12] obtained the approximate solution of multi-pantograph equation with non-homogenous terms using Taylor polynomials. Keskin et al. [13] applied the differential transform methods to obtain solutions for multi-pantograph delay equations. used the Rung-Kutta methods and Muroya et al. [17] used the collocation methods to solve the multi-pantograph delay equations numerically. Yu applied variational iteration method to compute approximate solutions for multi-pantograph delay equations [18] .
In this paper, it will be shown that the homotopy and the new homotopy perturbation methods [19] , for solving neutral delay differential (1.1) and multi-pantograph delay (1.2) equations, are not valid in large domains. To overcome this difficulty, a new method based on new homotopy perturbation method and Padé approximants is proposed which provides a simple way to adjust and control the convergence region of approximate solution for any values of t .
Analysis of the proposed method
At the first, the delay differential equation (1.1) is solved by new homotopy perturbation method (NHPM) [19] and then Padé approximation method is applied to approximate solution of NHPM. According to NHPM, we construct the following homotopy:
Applying the inverse operator, −1 = ∫ ∫ … ∫ (. ) 0 0 0 to both sides of Eq. (2.2), we obtain:
3) where (0) is the initial solution of ( ). Suppose that the solutions of Eq. (2.3) have the following form:
4) where ( ) = 1,2, … are functions which should be determined. Now suppose that the initial approximation to the solution 1,0 ( ) has the form:
(2.5) where are unknown coefficients, 0 ( ), 1 ( ), 2 ( ), … are specific functions. Substituting (2.4) into (2.3) and equating the coefficients of with same power leads to
Now if these equations be in away that 1 ( )=0, then Eq. (2.6) result in 2 ( ) = 3 ( ) = ⋯ = 0 ; therefore, the solution can be obtained by using
. (2.7) It is worthwhile to note that if 1 ( ) be analytic at = 0, then its Taylor series can be written as: 
Numerical examples
In this section, to demonstrate the effectiveness of the proposed modification and to compare the proposed modification of HPM with the HPM, NHPM [19] and variational iteration method (VIM), we have chosen three delay differential equations. Numerical results show that the proposed method is very accurate. Also, in all examples we suppose that = = 2 .
Example 3.1. Consider the following first-order neutral functional-differential equations with proportional delay:
where the exact solution is ( ) = − . The numerical results are shown in Table 1 . We compare the absolute error of the proposed method with NHPM, HPM and VIM and also their computational times are presented. where 0 ≤ ≤ 5 and the exact solution is ( ) = (− ). A comparative study between the proposed method and the HPM, NHPM and VIM is presented in Table 2 . 
where 0 ≤ ≤ 10 and the exact solution is ( ) = (− )cos ( ). This problem is solved by the proposed method, HPM, NHPM and VIM. The numerical results are shown in Table 3 . Table 1 . Maximum absolute errors for Example 3.1. Table 3 . Maximum absolute errors for Example 3.3. 
Discussion and conclusion
The homotopy perturbation method and its modifications have been successfully used for solving many application problems. However, difficulties may arise in dealing with obtaining suitable accuracy in large domains. To overcome these difficulties the modified homotopy perturbation method is proposed using new homotopy perturbation method [19] and Padé approximation and is applied for solving delay differential equations in this paper. The results are compared with the homotopy perturbation, new homotopy perturbation and variational iteration methods. The proposed modified homotopy perturbation method is shown to be highly accurate. The proposed method can be easily generalized for more functional equations.
